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Abstract
The shear viscosity bound violation in Einstein gravity for anisotropic black branes
is discussed, with the aim of constraining the deviation of the shear viscosity-entropy
density ratio from the shear viscosity bound using causality and thermodynamics analy-
sis. The results show that no stringent constraints can be imposed. The diffusion bound
in anisotropic phases is also studied. Ultimately, it is concluded that shear viscosity
violation always occurs in cases where the equation of motion of the metric fluctuations
cannot be written in a form identical to that of the minimally coupled massless scalar
fields.
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1 Introduction
Recently, the study of transport in incoherent metals has attracted intense interest [1]. In
such metals, transport is governed by the collective diffusion of energy and charge rather
than by quasiparticle or momentum dissipation [1]. Many strongly correlated materials,
such as 3d-transition metal-oxide compounds, fullerenes and, most remarkably, the members
of the strange metal regime of doped resistivity, exhibit a lack of a Drude peak in the
optical conductivity, along with non-motonic Hall constant temperature dependence and
thermopower [2].
Motivated by the anti-de Sitter/conformal field theory (Ads/CFT) correspondence,
Hartnoll recently proposed a universal bound D & C~v2F /kBT on the charge diffusivity
in an incoherent metal, where D is the diffusion constant, C is a constant, vF is the Fermi
velocity, T is the temperature, kB is the Boltzmann constant and ~ is the Planck constant,
respectively. The optical conductivity of incoherent metals can cross the Mott-Ioffe-Regel
(MIR) bound, so it can be either weaker or stronger than the MIR bound. D was proposed
to replace the MIR bound in bad metals and can be derived from the Kovtun-Son-Starinets
(KSS) bound η/s ≥ C~/kB and the relation η/s = DT/v2F for a vanishing chemical poten-
tial, where eta and s are the shear viscosity and entropy density, respectively [1] 1. The
KSS bound is in good agreement with relativistic heavy ion collider (RHIC) data [3], and
it is also well supported by the results of experiments on cold degenerated Fermi gases in
the unitary limit [4].
However, the KSS bound is seriously challenged by the shear viscosity tensor of anisotropic,
strongly coupledN = 4 Super-Yang-Mills plasma derived from type-IIB supergravity [5]. To
date, this violation is the only such example in Einstein gravity (i.e., η/s = ~/4pikBH(uH))
[5, 6], where H(uH) is a function related to anisotropy. This is differert to higher-derivative
gravity, in which the specific C is stringently constrained by the fundamental causality
structure of the boundary CFT. Basically, an arbitrary violation of the KSS bound would
occur if H(uH)→∞, so a specific C cannot exist. In turn, D would also break down [7–11].
Therefore, it is of fundamental importance to constrain H(uH) for such an anisotropic black
brane.
In this paper, we first examine whether violations of such bounds can be related to any
constraints on the dual gravitational side. We then examine the Hartnoll conjecture on
diffusion bounds in anisotropic black brane systems. Clear explanations for the causes and
1In higher-derivative gravity, counterexamples to the original KSS statement have been found, but it is
generally believed that a specific C does exist such that a lower shear viscosity bound is always present.
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conditions of shear viscosity bound violation are provided. A summary is presented in the
final section.
2 Charged and anisotropic axion-dilation-gravity solution
In Refs.[12, 13], a charged version of the anisotropic black brane solution was obtained
via the five-dimensional axion-dilaton-Maxwell-Einstein bulk action reduced from type-IIB
supergravity
S =
1
2κ2
∫
M
√−g
(
R+12− 1
2
(∂φ)2− 1
2
e2φ(∂χ)2− 1
4
FMNF
MN
)
d5x+
1
2κ2
∫
∂M
d4x
√−γ2K,
(1)
where κ2 = 8piG5 = 4pi
2/N2c is the Newton constant, the AdS radius L = 1, the Maxwell
field strength FMN = ∂MAN − ∂NAM , χ is an axion field, γ is the determinant of the
induced metric on the boundary and K is the trace of the extrinsic curvature. The black
brane solution takes the form
ds2 = e−
1
2
φr2
(
−FBdt2 + dx2 + dy2 +Hdz2
)
+
e−
1
2
φdr2
r2F , (2)
χ = az, AMdx
M = Atdt, φ = φ(r), (3)
where At is dual to the chemical potential and a is the anisotropy parameter. The met-
ric functions φ, F , B, and H = e−φ are functions of the radial coordinate r only. The
temperature T , the charge density ρ, and s can be expressed as
T =
√
B(rH)
[
rHe
−φH
2
16pi
(
16 +
a2e7
φH
2
r2H
)
− e
2φHq2rH
2pi
]
, (4)
s =
N2c e
− 5φH
4 r3H
2pi
, ρ =
√
3qr3H
κ2
, µ =
∫ ∞
rH
drQ
√
Be 34φ/r3. (5)
The thermodynamics of this setup and its phase structure are discussed in Refs.[12, 13].
Essentially, two types of instabilities exist: scheme-dependent and scheme-independent.
Upon holographic renormalization, a reference scale Λ must be introduced. The energy
density and the pressure transformed under the rescaling (a, T ) → (ka, kT ) contain an
inhomogenous component caused by the presence of a non-zero conformal anomaly A =
N2c a
4/48pi2. As F ′′ = (∂2F/∂a2)T,µ < 0, the system becomes unstable against infinitesimal
fluctuations. Besides the scheme-dependent instability that is dependent on Λ, we uncovered
scheme-independent instability by exploring the temperature-horizon radii relation and the
entropy behavior. At a fixed temperature, there are two distinct branches of black brane
solution with larger or smaller radii. The smaller branch is unstable with a negative specific
heat, independent of Λ.
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3 Causality
One may naturally use the causality to constrain a. For an anisotropic fluid, the viscosity
tensor ηijkl yields two shear viscosities out of five independent components [14]. For the
longitudinal mode metric fluctuation hxz(t, u, y) with momentum ky along y-direction and
frequency ω, we obtain the equation of motion
∂u(N uz∂uhxz )− k2yN zyhxz − ω2N tzhxz = 0, (6)
with the notation
N µν = 1
2κ2
gxx
√−ggµµgνν . (7)
To observe the causality structure on the boundary, we simply assume hxz = e
−iωt+ikyy+ikuu.
In the large momentum limit, the effective geodesic equation can be recast as kµkνgeffµν = 0.
The effective metric can be given by
ds2eff = FB(−dt2 +
1
FBdy
2) +
1
F du
2. (8)
The local speed of light is given by
c2g = FB (9)
and it can be expanded in terms of the standard Fefferman-Graham (FG) coordinate near
the boundary
c2g − 1 =
(
B4 + F4 − 121a
4
576
)
v4 +O(v6). (10)
As the local speed of a graviton should be smaller than 1 (the local speed of light of the
boundary CFT), we require (
B4 + F4 − 121a
4
576
)
≤ 0. (11)
In the large anisotropy limit, we calculate B4 + F4 − 121a4/576 = 0 exactly [15], and we
obtain similar results for the transverse mode hxy. Therefore, no causality violation occurs
for the anisotropic black brane.
4 Thermodynamic constraints
Recall that the necessary and sufficient conditions for local thermodynamic stability in the
canonical ensemble can be given by the specific heat at fixed charge density cρ > 0 and
the second derivative of the free energy F
′′
> 0. The latter condition is related to the
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holographic renormalization scheme. Here, we primarily study cρ,which must be positive
such that
cρ =
( ∂E
∂rH
∂T
∂rH
)
µ,a
> 0. (12)
For a neutral black brane, we arrive at a2e7φH/2/r2H < 24 . In other words, we have
1/H(rH) < (24r2H/a2)2/7. This means that, for a sufficiently large a, the cρ positivity
requirement can be easily satisfied. Therefore, the thermodynamic constraints do not strin-
gently limit a or H(rH). A similar result can be obtained for the non-zero chemical potential
cases.
5 Diffusion bound violation
Note that a controls both the anisotropy and the strength of the momentum dissipation
mechanism, that is, the momentum dissipation occurs more rapidly with increased a. The
relaxation time is found to be Γ ∝ a2[16]. The DC transport coefficients in this system were
given in Ref.[16],where
σ = rHe
φH
4 + 12r3He
− 3φH
4
q2
a2
, (13)
α = α¯ =
4piQ
a2e2φH
, κ¯ =
4pisT
a2e2φH
. (14)
Transport in incoherent metals is described by diffusive physics, not by momentum diffusion
but rather by the diffusion of charge and energy. The diffusion constants D+ and D− are
related to the transport coefficients via the Einstein relations [1]
D+D− =
σ
χ
κ
cρ
, (15)
D+ +D− =
σ
χ
+
κ
cρ
+
T (ζσ − χα)2
cρχ2σ
, (16)
where σ, α, and κ are the electric, thermoelectric, and thermal conductivities, respectively.
Further, ζ is the thermo-electric susceptibility and χ is the compressibility.These terms are
defined as
χ =
(
∂ρ
∂µ
)
T
, ζ =
(
∂ρ
∂T
)
µ
, cρ = T
(
∂s
∂T
)
µ
− ζ
2T
χ
. (17)
As all the physical parameters on the right-hand sides of equations (15) and (16) are known,
we can solve for D+ and D−. We are most interested in the high-temperature regime in
which the localization phenomena may be irrelevant. Considering the large temperature
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limit of D+ and D− with vanishing chemical potential µ→ 0, we obtain
kB
~v2F
D− =
1
piT
− 1 + 4 ln 2
24pi3T 3
a2 − 221(ln 2)
2 − 16− 76 ln 2
4608pi5T 5
a4, (18)
kB
~v2F
D+ =
4piT
3a2
+
1 + 6 ln 2
9piT
− a2 97596− 16648pi
2 − 49944 ln 2 + 436167(ln 2)2
922752pi3T 3
, (19)
In the relativistic limit, we can simply use the notation vF = kB = ~ = 1. D+ diverges in
the T → ∞ limit and the same term appears in equation (11) of Ref.[17]. It is not easy
to distinguish between the intrinsic and extrinsic contributions. We observe that D is not
saturated, although the intrinsic contributions to D+ and D− at criticality are dominated
by 1/T .
6 Discussion
To understand the causes of shear viscosity bound violation, we must first understand how
η/s = 1/4pi has been established. In a rotationally invariant field theory, there is only one
component of η, which can be computed using Kubo’s formula
η = lim
ω→0
1
2ω
∫
dtd~xeiωt〈[Txy(t, ~x), Txy(0, 0)]〉, (20)
where Txy is the xy component of the stress-energy tensor. On the other hand, according
to the gauge-gravity duality, for a graviton of frequency ω polarized in the xy direction and
propagating perpendicular to the black brane, the absorption cross section is given by
Σabs = −2κ
2
ω
ImGR(ω) =
κ2
ω
∫
dtd~xeiωt〈[Txixj (t, ~x), Txixj (0, 0)]〉. (21)
Therefore, we can easily relate the shear viscosity to the graviton absorption
η =
Σabs(ω = 0)
16piG
. (22)
The relationship between the graviton
∑
abs at low energy and the black hole entropy must
now be examined. For spin-2 gravitons corresponding to hxy, the equation of motion for
hyx can be expressed as h
y
x = 0, which is indeed the equation for a minimally coupled
massless scalar. The
∑
abs of a graviton therefore has the same value as that of the scalar.
There is a well-known theorem that
∑
abs is equal to the area of the black hole horizon at
low frequency, i.e., Σabs(ω = 0) = A. Using s = A/4G, we obtain
η
s
=
1
4pi
. (23)
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For a minimally coupled massless scalar field hyx ≡ φ, the effective action is given by
S = −1
2
∫ √−ggµν∇µφ∇νφdtd~x. (24)
However, for higher-derivative gravities, such as the Gauss-Bonnet gravity investigated in
Refs.[18–24](see also [25, 26]), the effective action for hyx is expressed in momentum space
as
S = −1
2
∫
dωdd−1k
(2pi)d
dr
√−g
[
grr(∂rφ)
2
Q(r, ω, k) + P(r, ω, k)φ
2
]
. (25)
Confirming that the equation of motion for φ cannot be given in the same form as the
massless Klein-Gordon equation is straightforward. Instead, the equation of motion for the
tensor-type perturbation hyx in the zero frequency and momentum limit (i.e., P = 0) can
be expressed as
hyx −
√−ggrr∂rφQ′
Q = 0. (26)
In this case, we obtain [18]
η
s
=
4G
Q(rH, 0, 0) =
1− 4λ
4pi
. (27)
Fortunately, the Gauss-Bonnet coupling constant is strictly constrained by the causality of
the boundary field theory Refs.[18–22] and thus greater violation of the KSS bound is not
permitted.
As regards the anisotropic black branes, η becomes a tensor with two nontrivial com-
ponents out of five. The rotational symmetry is broken and,thus, Goldstone vector bosons
are generated [27]. Basically, there are two types of metric perturbations:
spin 2 : hxy;
spin 1 : hxz or hyz.
For the spin-2 metric perturbation, hxy still obeys an equation of motion identical to that of
a minimally coupled massless scalar. For the spin-1 metric perturbation, hxz , the equation
of motion is ∇µfµν + fµν∇µgxx/gxx = 0, with fµν = ∂µaν − ∂νaµ and az = hxz . The
η corresponding to the spin-1 component may behave similarly to the conductivity [28].
Moreover, for vector absorption,
∑
abs approaches zero as ω → 0. We cannot expect that∑
abs remains equal to the black brane horizon area in such a case. As discussed in the
previous sections, the η of the spin-1 component can violate the KSS bound in a parametric
manner. That is, η/s can be as small as possible with no strong constraints from causality
and thermodynamical instability.
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7 Summary
In summary, we have studied the shear viscosity and diffusion bounds in anisotropic black
branes and provided an explicit explanation of the causes of shear viscosity violation. It
is clear that the corresponding metric perturbation cannot be expressed in the form of a
minimally coupled massless Klein-Gordon equation when the KSS bound is violated. We
failed to obtain a minimal KSS bound value by considering the causality and thermodynamic
instability constraints. This differs significantly from the Gauss-Bonnet gravity, where the
Gauss-Bonnet coupling constant is strictly constrained by the causality problem of the
boundary field theory. We also examined the diffusion bound in our model. As the KSS
bound is violated, it is not surprising that the diffusion bound is not saturated.
On the other hand, based on the dynamical mean field theory (DMFT), Pakhira and
McKenzie have found that both the KSS and Hartnoll bounds are violated in a single-
band Hubbard model [7, 8]. For the shear viscosity to entropy density ratio for an electron
fluid, which is described by a single-band Hubbard model at half filling, the KSS bound
was found to be strongly violated in the bad-metal regime for parameters appropriate to
lattice electronic systems, such as cuprates and organic charge-transfer salts. Moreover, the
diffusivity bound was shown to be violated by several orders of magnitude in the incoherent
transport regime. It would be worth exploring whether these observations can be related
to the results obtained here. On a more theoretical note, it would be interesting to find
an alternative bound for such anisotropic systems in future work [28]. For studies on the
universal features of the Langevin diffusion coefficients, one may refer to [29–31].
Acknowledgements
The author would like to thank J. X. Lu, Hong Lu¨, Yu Tian, Qun Wang and Shao-Feng Wu
for helpful discussions at different stages of this work. The author was partly supported by
NSFC, China (No.11375110).
References
[1] S. A. Hartnoll, “Theory of universal incoherent metallic transport,” Nature Physics 11
(2015) 54 [arXiv:1405.3651[cond-mat.str-el]].
[2] J. R. Schrieffer, James S. Brooks (Ed.), Handbook of high temperature supercodncutvi-
tity, Springer Press, 2007
8
[3] E. Shuryak, “Why does the quark gluon plasma at RHIC behave as a nearly ideal
fluid?,” Prog. Part. Nucl. Phys. 53 (2004) 273
[4] C. Cao, E. Elliott, J. Joseph, H. Wu, J. Petricka, T. Schafer and J. E. Thomas, “Uni-
versal Quantum Viscosity in a Unitary Fermi Gas,” Science 331 (2011) 58.
[5] A. Rebhan and D. Steineder,“ Violation of the holographic viscosity bound in a strongly
coupled anisotropic plasma,” Phys. Rev. Lett. 108 (2012) 021601 [arXiv:1110.6825];
[6] K. A. Mamo, “Holographic RG flow of the shear viscosity to entropy density ratio in
strongly coupled anisotropic plasma,” JHEP 1210 (2012) 070 [arXiv:1205.1797 [hep-
th]].
[7] N. Pakhira and R. H. McKenzie, “Absence of a quantum limit to charge diffusion in
bad metals,” Phys. Rev. B 91 (2015) 075124 [arXiv:1409.5662[cond-mat.str-el]]
[8] N. Pakhira and R. H. McKenzie, “Shear viscosity of strongly interacting fermionic
quantum fluids,” [arXiv:1504.0713[cond-mat.str-el]]
[9] D. Roychowdhury,“Lifshitz holography and the phases of the anisotropic plasma,”
[arXiv:1509.05229 [hep-th]]
[10] A. Bhattacharyya and D. Roychowdhury, “ Viscosity bound for anisotropic superfluids
in higher derivative gravity,” JHEP 1503 (2015) 063 [arXiv:1410.3222 [hep-th]]
[11] W. J. Pan and Y. Tian, “From Petrov-Einstein-Dilaton-Axion to Navier-Stokes equa-
tion in anisotropic model,” Phys.Lett. B752 (2016) 1 [arXiv:1508.04972 [hep-th]]
[12] L. Cheng, X. H. Ge and S. J. Sin, “Anisotropic plasma with a chemical potential and
scheme-independent instaibilities,” Phys. Lett. B 734 (2014) 116 [arXiv:1404.1994]
[13] L. Cheng, X. H. Ge and S. J. Sin, “Anisotropic plasma at finite U(1) chemical poten-
tial,” JHEP, 07 (2014) 083 arXiv:1404.5027
[14] L. D. Landau and E. M. Lifshitz, Theory of Elasticity (Pergamon Press, London, 1959).
[15] D. Mateos, D. Trancanelli, “Thermodynamics and instabilities of a strongly coupled
anisotropic plasma,” J. High Energy Phys. 1107 (2011) 054.
[16] X. H. Ge, Y. Ling, C. Niu and S. J. Sin, “Thermoelectric conductivities, shear viscosity,
and stability in an anisotropic linear axion model ,” Phys. Rev. D 92, 106005 (2015)
[arXiv:1412.8346[hep-th]].
9
[17] A. Amoretti, A. Braggio, N. Magnoli and D. Musso, Bounds on intrinsic diffusivities
in momentum dissipating holography, [ arXiv:1411.6631 [hep-th]]
[18] M. Brigante, H. Liu, R.C. Myers, S. Shenker and S. Yaida, Viscosity Bound Violation
in Higher Derivative Gravity, Phys. Rev. D 77 (2008) 126006 [arXiv:0712.0805].
[19] X.-H. Ge and S.-J. Sin, Shear viscosity, instability and the upper bound of the Gauss-
Bonnet coupling constant, JHEP 05 (2009) 051 [arXiv:0903.2527].
[20] R.-G. Cai, Z.-Y. Nie and Y.-W. Sun, Shear Viscosity from Effective Couplings of Gravi-
tons, Phys. Rev. D 78 (2008) 126007 [arXiv:0811.1665].
[21] X.-H. Ge, S.-J. Sin, S.-F. Wu and G.-H. Yang, Shear viscosity and instability from
third order Lovelock gravity, Phys. Rev. D 80 (2009) 104019 [arXiv:0905.2675].
[22] R.C. Myers, M.F. Paulos and A. Sinha, Holographic hydrodynamics with a chemical
potential, JHEP 06 (2009) 006 [arXiv:0903.2834].
[23] M. Sadeghi and S. Parvizi, “Hydrodynamics of a Black Brane in Gauss-Bonnet Massive
Gravity,” arXiv:1507.07183 [hep-th].
[24] D. Roychowdhury, “Holographic charge transport in non commutative gauge theories,”
JHEP 1507 (2015) 121 [arXiv:1506.00209 [hep-th]]
[25] H.-S. Liu, H. Lu¨ and C.N. Pope, “Generalised Smarr Formula and the Viscosity
Bound for Einstein-Maxwell-Dilaton Black Holes”, Phys. Rev. D 92 (2015) 064014
[arXiv:1410.6181[hep-th]].
[26] X.-H. Feng, H.-S. Liu, H. Lu¨ and C.N. Pope, “Black Hole Entropy and Viscosity Bound
in Horndeski Gravity”, [arXiv:1509.07142[hep-th]].
[27] S. Jain, R. Samanta and S. P. Trivedi, “The shear viscosity in anisotropic phases,”
[arXiv:1506.01899[hep-th]].
[28] X.-H. Ge, S.-J. Sin and S.-F. Wu, work in progress
[29] D. Giataganas, Probing strongly coupled anisotropic plasma, JHEP 1207 (2012) 031
[30] D. Giataganas and H. Soltanpanahi, Universal properties of the Langevin diffusion
coefficients, Phys. Rev. D 89 (2014) 026011
[31] D. Giataganas and H. Soltanpanahi, Heavy quark diffusion in strongly coupled
anisotropic plasmas JHEP 1406 (2014) 047
10
